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This paper proposes the use of the Weibull probability density distribution to predict the shape of the contact

pressure distribution in bolted metal joints. Contact pressure distributions in bolted joints were measured using

a commercially available pressure-sensitive film. Three different joint materials were analyzed: aluminum–

aluminum, stainless steel–stainless steel, and aluminum–stainless steel. The metal plates were circular and bolted

together through a hole at their center. Two bolt head radii were employed. Five different axial loads were applied

for each bolted joint configuration. The agreement was very good between the correlations, based on the Weibull

distribution and the data. The results indicate that the Weibull function is an adequate model for the shape of the

contact pressure distribution of bolted joints.

Nomenclature

a = bolt hole radius, m
b = bolt head radius, m
b1 = 5 mm bolt heat radius
b2 = 9 mm bolt head radius
c = contact radius, m
Fa = axial force, N
Jlmn = joint configuration for which l is the applied load, m

is the joint material, and n is the bolt size
Pa = average axial pressure, Pa
r = coordinate axis from the bolt centerline, m
t = plate thickness, m
� = contact cone angle, deg
�, �, � = Weibull parameters

Introduction

T HIS work deals with the contact pressure distribution in bolted
joints. One of the several applications of bolted joints is the

thermal control system of microelectronic devices aboard spacecraft
and satellites. The pressure distribution between the contacting
surfaces in bolted joints plays a very important role in modeling the
thermal contact conductance. If the contact pressure distribution
between the surfaces is uniform along the interface of the bolted joint,
the contact conductance could be calculated using theoretical results
or correlations actually available in the literature.Many authors, such
as Fernlund [1], Motosh [2,3], Chandrashekhara and Muthanna [4–
6], and Marshall et al. [7] show that the pressure reaches a peak near
the bolt and drops to zero in a distance of a few radii away from the
bolt centerline. Depending on the applied load, the contact may even
be lost in regions away from the bolt, as illustrated in Fig. 1.

Themain objective of this study is to show that the contact pressure
distribution of bolted joints is well described by the Weibull prob-
ability density function. Pressure distribution data, collected using
pressure sensitive films, are employed. Six different bolted joint
configurations subjected to five different axial loads are studied.

Literature Review

The open literature presents several numerical and analytical
models to predict pressure distribution of bolted joints. Experimental
studies can be found as well. The analytical models calculate the
pressure distribution as a function of the contact radius c (see Fig. 2)
(i.e., the distance from the bolt centerline at which the contact
pressure distribution drops to zero). The contact radius is, in turn, a
function of the contacting plate thicknesses t1 and t2, the contact cone
angle �, and the bolt head radius b.

According to Fernlund [1], Rötsher was one of the first researchers
to calculate the contact radius of two plates in a bolted joint. He
considered that the joint stress disperses within a frustum of a 45 deg
semiangle (see � in Fig. 2). He also considered that the interfacial
pressure is constant within the contact radius c. This hypothesis was
the first approximation for the contact radius, but the pressure
distribution was not described satisfactorily.

Fernlund [1] developed an analytical method based on the
elasticity theory to obtain the pressure distribution on the interface
of two bolted plates as a function of the radius. He used a Hankel
transformmethod and modeled two plates with the same thicknesses
and the same materials as a single plate with double thickness. The
contact pressure between the two plates was assumed to be equal to
the normal stress at the mean plane of the single plate. As the result
was difficult to apply, an approximate method was proposed, for
which the contact pressure was represented by a fourth-order poly-
nomial, which is a function of the dimensionless radius r=a.

Gould and Mikic [8] investigated the pressure distribution and
the contact radius using the finite-element method. They analyzed
single- and double-plate models in several different geometric
configurations. The comparison between their results shows that
the contact radius calculated applying the double-plate model is
significantly lower than that of the single-plate model. They also
studied joints with plates of equal and of different thicknesses and
concluded that the contact radius between the plates with different
thicknesses is lower than that of plates of the same thicknesses.

Chandrashekhara and Muthanna [4–6] developed an analytical
solution in terms of the Fourier–Bessel series for a thick plate with
a circular hole in its center and submitted to an axisymmetric
compression load. Various t=a and b=a ratios were considered for
material with different values of the Poisson coefficient. The results
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showed that the pressure in the interface tends to zero for r=a > 5.
They also observed that, for elastic deformation, the only material
property that can affect the pressure distribution was the Poisson
coefficient.

Madhusudana et al. [9] proposed three different pressure distri-
butions for bolted plate joints: linear, parabolic, and polynomial
(depending on the plate thicknesses, the bolt hole radius, and the bolt
head).

Regarding the contact pressure measurements in bolted joints,
two main techniques have been employed in past works: interface
ultrasonic waves reflection and pressure-sensitive films. The first is
more accurate, whereas the second is much easier to perform. Ito
et al. [10] measured the interfacial pressure distribution on bolted
flanges by means of ultrasonic waves. The authors showed that the
surface roughness, the material, and the thickness of the plates
influence the pressure distribution and the contact radius. Semihard
stainless steel (S45C), brass (BsBM1), and aluminum (AlB1) plates
were investigated with applied axial forces varying from 9.8 to
19.6 kN. The authors concluded that the smaller the plate thickness,
the higher the pressure levels. Marshall et al. [7] also employed an
ultrasonic waves reflection technique to measure the interface
pressure in bolted joints. They tested the ground and the turned
surfaces and found that the surface roughness significantly affects
the pressure distribution.

Mittlebach et al. [11] measured the pressure distribution using
a commercially available pressure-sensitive film to study both the
interfacial pressure distribution and the thermal conductance of
bolted joints. The film was the same as the one used to obtain the
data presented here. The variables considered by those researchers
were bolt torque (axial force), plate thickness, and interface average
temperature. They studied the joints composed by plates of
aluminum (6061-T6) with an outer radius of 45.7 mm, b=a� 1:6,
and with a ratio thickness t2=t1 of 19:1=19:1, 12:7=19:1, and
25:4=19:1 mm. The axial load varied from 6.69 to 13.425 kN. They
compared various pressure distribution models from the literature
against their experimental data and concluded that the models of
Chandrashekhara and Muthanna [5] and of Fernlund [1] agreed
best with the data. Also, they verified that the peak pressure value of
Chandrashekhara and Muthanna’s [5] model was higher than that
of Fernlund’s [1] model.

The pressure-sensitive film was also used by Pau et al. [12], who
also employed the ultrasonic waves technique and concluded that
there is substantial agreement in terms of the sizes and shapes of the
contact areas between the two methods. Sawa et al. [13] measured
the contact pressure distribution of a bolted joint with a different
geometry from the one shown in Fig. 2. Instead of two plates, they
used a bolt inserted into a threaded hole body of a larger body.
The bolt was used to fasten a clamped part, which was basically a
hollow cylinder, to the body.Metal gasketswere inserted between the
clamped part and the body. Themeasurementsweremade using three
different techniques: pressure-sensitive films, ultrasonic waves, and
pressure-sensitive pins. They also developed a numerical model to
predict the contact pressure distribution. They found a fairly good
agreement between the measurements and the analytical results.
They concluded that themethodwith the pressure-sensitivefilmswas
the simplest. However, it did not work well when the stiffness of the
clamped part and the bodywere large.But,when an aluminumgasket
was employed, the measurement was consistent with the numerical
results. The authors also concluded that the sensitive pins and the
ultrasonic waves were very complicated, because smooth contact
surfaces had to be obtained.

Bolted Joint Pressure Distribution Data

An experimental study on the pressure distribution of contacting
surfaces of two plates fastened by a bolt was conducted at the
Conduction Heat Transfer Laboratory of Texas A&M University. A
pressure-sensitive film, manufactured by the Fuji Corporation, was
used that consisted of two contacting sheets: one containing a thin
layer of microcapsulated ink bubbles and the other containing a
layer of color-developingmaterial. When the films are forced against
each other, some of the microcapsules are broken up, dying the other
sheet. The color density on the developing sheet then reveals the
pressure distribution. The color density is scanned by a densitometer,
which is manufactured by the same company as the sensitive films.
The color density is then converted into pressure distribution values.

According to the manufacturer, the precision of pressure mea-
surements with this method is �10%. However, to verify the
accuracy of the pressure-sensitive films, the pressure distribution
data were also compared against the total load applied by the bolt,
which was measured by means of a load cell located between the
lower plate and the bolt head. Figure 3 shows a schematic of the
experimental setup. Apart from the pressure distribution measure-
ments, the experimental setup was also used for thermal contact
resistance measurements. The electric heater and the cold-plate heat
sink used in the thermal measurements are also depicted in Fig. 2.
However, the thermal contact conductance study is not included in
the present work.

The measurements were made on bolted joints made of three
different combinationsofmaterials: aluminum6061/aluminum6061,
stainless steel 304/stainless steel 304 and aluminum 6061/stainless
steel 304. The bolted joints were made of nominally flat and smooth

Fig. 1 Illustration of plate separation in a bolted joint (exaggerated).

Fig. 2 Bolted joint geometry.

Fig. 3 Schematic of test setup.
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circular plates with a 46 mm outer radius. The thicknesses were 19
and 13 mm for the aluminum and the stainless steel plates,
respectively. The plateswere lapped, and the RMS surface roughness
was found to be less than 3:7 �m. The screw-hole radius was 3 mm.
Two different bolt head sizes were tested: 5 and 9mm radii. The axial
forces of1624, 3247, 6672, 12,233, and18,371Nwere tested for each
joint configuration. Table 1 shows a list of all the tests performed. The
tests are labeled asJlmn,where l is the axial force applied,m is the joint
material combination [(aluminum–aluminum (Al–Al), stainless
steel–stainless steel (SS–SS), or aluminum–stainless steel (Al–SS)],
and n is the bolt head radius (1 for 5 mm and 2 for 9 mm).

Before using the pressure distribution data to develop correla-
tions, the accuracy of the pressure-sensitive film was checked by
numerically integrating the measured pressure distributions over
the contact area. The results were then compared with the respective
measured load cell readings. The integration of the pressure
distribution yielded values up to 70% larger than the load cell
measurements. As the load cellwas previously calibrated, the authors
concluded that pressure-sensitive films do not give accurate values
of pressure levels. Also, the pressuremeasurements did not vanish far
from the bolt as expected, which indicates a bias error. However, the
overall shape of the pressure distribution curve seemed to be right.
The authors then decided to introduce corrections to the measured
pressure distributions, so that they vanished far from the bolt, and
their integration over the contact area yielded the total axial force
read by the load cell. The corrections were introduced in two steps:
1) subtract a constant value from the pressure distribution, so that the
pressure vanishes far from the bolt and 2) multiply the curve by a
constant factor, so that the integration of the final distribution yields
the measured applied load. In other words, we keep the shape of the
pressure distribution curve captured by the pressure-sensitive films
and adjust the amplitude of the distribution, so that the total force
matches the load cell reading. Despite the pressure measurements
showing that the sensitive film did not give accurate values of the
absolute pressure levels, it is appropriate for the objective of this
work, which is to study the shape of the pressure distribution.

Comparison Between Experimental Data
and Literature Models

In this section, the pressure distributions obtained using the
models of Fernlund [1] and of Madhusudana et al. [9] are compared
against the Al–Al and SS–SS collected data. The models are not

compared with the Al–SS data, because the models are only valid
for joints of the same material. All the data points and the literature
models were made dimensionless by dividing them by the average
axial pressure. The average axial pressure is obtained by dividing the
axial force (load cell) by the bolt head area in contact with the upper
plate, which is an annulus of the outer radius b and the inner radius a;
that is,

Pa �
Fa

�b2 � a2�� (1)

The literature models are based on the knowledge of the contact
radius, which is calculated here using Rötscher’s model:

c� b� t�tan�� (2)

This result can be easily derived fromFig. 2. Chandrashekhara and
Muthanna [5] proposed a model for the semiangle � as a function of
the ratio d=a. For the type of joints analyzed in this work, the value is
larger than 50 deg. Figures 4–6 show the comparison between the
data and themodel that presented the best agreement. In thesefigures,
the following nomenclature is adopted: Fe denotes Ferlund’s [1]
model followed by the value of �.

Figure 4 shows the dimensionless pressure data obtained for the
Al–Al joints, submitted to five different levels of axial load. This
figure also shows the pressure distribution obtained by Fernlund’s
[1] model, using an angle of �� 60 deg and a 5 mm bolt head
radius. The data of the Al–Al joint with the 9 mm bolt head radius
and Fernlund’s [1] model with an angle of 55 deg are presented in
Fig. 5. The agreement is reasonable, although Fernlund’s [1] model
suggests that all the dimensionless data should collapse on the same
curve, regardless of the absolute value of the axial load. However,
this was not observed from the experimental data, especially near
the bolt region.

Table 1 Test summary

5 mm bolt head radius 9 mm bolt head radius

Axial force, N Al–Al SS–SS Al–SS Al–Al SS–SS Al–SS

1624 J111 J121 J131 J112 J122 J132
3247 J211 J221 J231 J212 J222 J232
6672 J311 J321 J331 J132 J322 J332
12,233 J411 J421 J431 J412 J422 J432
18,371 J511 J521 J531 J512 J522 J532
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Fig. 4 Fernlund [1]modelwith�� 60 deg anddata fromAl–Alwith a

5 mm bolt head radius.
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9 mm bolt head radius.
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The joint between the two stainless steel plates with the 5 mm
bolt head radius best compares with Fernlund’s [1] model with ��
60 deg and is shown in Fig. 6. The model does not capture the
measured pressure gradient near the bolt well. The same comments
madepreviously to theAl–Aljoints regarding thecollapsingof thedata
are valid for the SS–SS joints, but the agreement is not as good now.

Statistical Model

A new correlation is proposed here for the interfacial pressure
distribution between two plates on a bolted joint. This correlation is
based on the Weibull density probability function. The Weibull
distribution is used in many fields, such as life data analysis, life
tests engineering (Meyer [14]), and survival analysis, among other
areas. It is related to the probability of failure of the parameter under
observation, such as human life (death), breakdown of a mechanical
structure, etc.

The general expression of the Weibull function is mathematically
defined as

f�T� � �
�

�
T � �
�

�
��1
e���T���=��

�
(3)

In this function, T is the independent variable (for example, life time
or, as in this work, distance from the bolt centerline). The parameter
that defines the curve shape is �: for � 	 1, the curve has a negative
slope, and for � > 1, the curve has both positive and negative slopes
(i.e., presents a maximum value). The scale parameter is �, which
gives the amplitude of the curve, and � is the displacement parameter
(i.e., the curve position relative to the vertical axis). These parameters
are defined within the following ranges: f�T� 
 0, T 
 �, � > 0,
� > 0, and�1 < � <1.When the displacement parameter is equal
to zero, as in the present study, the resulting function is the Weibull
distribution of two parameters. This distribution could be further
reduced to just one parameter when either the shape parameter � or
the scale parameter � are fixed.

The Weibull distribution is employed here to describe the contact
pressure distribution measured with the pressure-sensitive films
at the interface between the bolted plates. As the ink bubbles are
adjusted to explode at different pressure levels, the color intensity
could be seen as the probability of an amount of microcapsulated ink
bubbles to explode (end of life), dyeing the color-developing sheet.

The Weibull distribution function employed here is multiplied
by another parameter (�), so that the curve integration over the
contact area yields the total force measured by the load cell readings.
As already mentioned, the displacement parameter is zero, and
the resulting equation used in this work (based on the Weibull
distribution of two parameters) as a function of r is given by

f�r� � ��
�

�
r

n

�
��1
e��r=n�

�
(4)

The pressure distribution data were correlated according to this
function. In essence, a computer routine looked for the best values of

�, �, e, and � (i.e., values that lead to the best possible agreement
between the data and correlation).

Figures 7–12 show the Weibull distribution curves (lines) fitted to
experimental data (symbols) for all the bolted joint configurations
studied. Figures 7 and 8 show the comparison between the Weibull
curves and the experimental data of the Al–Al joints for the 5 and
9 mm bolt head radii, respectively. In general, one can observe a
very good agreement, indicating that the Weibull distribution is
appropriate to the shape of the pressure distribution curve. For light
load levels, the comparison between the data and the model is
excellent. As the bolt axial load increases, the agreement gets a bit
worse near the bolt: themodel predicts a rapid slope change, whereas
the data points suggest a smoother slope variation.

The comparison between the correlations and the experimental
data for the SS–SS bolted joints are shown in Figs. 9 and 10, for bolt
head radii of 5 and 9 mm, respectively. As also observed in the
previous data sets, the models and the experimental data present an

Fig. 7 Adjustment of Weibull curves for Al–Al with a 5 mm bolt head

radius.

Fig. 8 Adjustment of Weibull curves for Al–Al with a 9 mm bolt head
radius.

Fig. 9 Adjustment of Weibull curves for SS–SS with a 5 mm bolt head

radius.

Fig. 10 Adjustment ofWeibull curves for SS–SSwith a 9mmbolt head

radius.
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excellent comparison for light axial loads. For larger load levels, the
comparison is not as good, especially near the bolt. However, the SS–
SS data also show rapid slope variations near the bolt, which are
predicted by the model (contrary to the Al–Al data, which shows a
smoother slope variation). Comparing the Al–Al and SS–SS results,
one can see that, for the SS–SS data, the peaks of the pressure
distribution curves are displaced further away from the bolt than the
Al–Al’s. This could be due to the elastic deformation of the plates.
The stainless steel plates are more rigid than the aluminum plates.

Figures 11 and 12 shows theAl–SS joint data for the bolt head radii
of 5 and 9 mm, respectively. It is observed that the Weibull curves fit

the data well for the entire range of axial loads and radius r. One can
observe that, for these data sets, the peaks of the pressure distribution
curves are located near the bolt, like the Al–Al data. This is an
indication that the deformation of the aluminum plate, which is the
less rigid of the two materials, is controlling the position of the
pressure distribution curve peak.

The values of the Weibull parameters �, �, and � that lead to the
best fit to the data sets are presented in Figs. 13–15, respectively.
The parameter � (Fig. 13) is associated to the Weibull curve
amplitude, as already mentioned. As one can see, it increases
approximately linearly with the applied axial force. For a given axial
load, the � values are scattered within �20% of the average. The
parameter � (Fig. 14) does not show a clear trend with respect to the
applied load: in some data sets, � is almost constant, whereas, for
the Al–SS joint with the smaller bolt, it increases linearly. In general,
the values scatter within �50% of the average for the lightest load
and �25% for the largest load. Finally, the parameter � (Fig. 15)
values scatter within�30% of the average for a given axial load. In
general, it decreases with the increasing load.

Conclusions

This work shows that the use of the Weibull probability density
function to describe the shape of the contact pressure distribution of
bolted joints looks very promising. The correlations showed a very
good agreement with the experimental data. The Weibull function
has been widely used in engineering to predict component life times.
The model seems to predict the trend of the pressure distribution
of bolted joints very well: a slight increase from a finite value at the
bolt hole until a maximum value, followed by a smooth and near-
exponential decrease before vanishing far from the bolt. The output

Fig. 11 Adjustment ofWeibull curves for Al–SSwith a 5mmbolt head
radius.

Fig. 12 Adjustment ofWeibull curves for Al–SSwith a 9mmbolt head

radius.
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of the pressure-sensitive film is related to the likely end of life of an
ink bubble, which in turn is more likely to happen near the bolt. The
Weibull distribution then seems to be an adequate choice to describe
the pressure levels as a function of the distance from the bolt.

The bolted joint pressure distribution data obtained using sensitive
films available commercially had to be corrected, so that the obtained
pressure distribution yields the bolt axial load and so the distribution
drops to zero far from the bolt. Therefore, the sensitive films should
be seen as a qualitative way to assess the interfacial pressure distri-
bution. With the corrections introduced to the measured profile, the
resulting curve shape seems to be consistent with previous works
from the literature. The resulting shape of the measured pressure
distribution is well predicted by the Weibull function.

TheWeibull function used here has three parameters. One of them,
related to the curve amplitude, increases linearly with the axial load
applied by the bolt, whereas the other two parameters did not seem to
present a well-defined trend with the axial load. Further studies are
needed in order to estimate the Weibull parameters as a function of
the joint characteristics and the axial load. Should the parameters be
determined as a function of bolted joint parameters and axial load,
one would be able to develop a single correlation for the pressure
distribution of any kind of bolted joints.

A deeper study of the behavior of the Weibull statistical function
should be performed. The focus should be on the influence of the
geometrical and mechanical properties of the bolted joint on the
Weibull parameters. A more comprehensive experimental work
should be employed in this case, with wider ranges of joint param-
eters. Also, for future developments, other measurement techniques,
such as the ultrasound waves, could also be employed.
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